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Galerkin Method for Solving of Singular Integral
Equation of Diffraction Problem*

Smirnov Yu.G., Tsupak A.A.

1 The statement of the diffraction problem

Let P = {x : 0 < x, _< a, 0 < X2 _< b, 0 < x3 _< c} be a resonator with perfectly conducting boundary. Let
Q be a three-dimensional body, located in P. Q is characterized by tensor permittivity • and constant

permeability p0. We suppose that components of t are smooth functions in 0 and ( - is invertible

in Q; Q n aP = 0. Let P/Q be homogeneous and isotropic medium. Incident and diffraction fields depend
on time variable as e-wt

We will find electromagnetic diffraction fields E and H, satisfying Maxwell's equations in P \ DQ:

rot HI = -iwgE +73 (1)

rotE = iWAs - j!

The complete field should have continuous tangent components at OQ

and must satisfy the following boundary condition:

EIop = 0. (2)

2 Integro-differential equations for the diffraction problem

We will express the solution of the stated problem in terms of vector potentials AE and AH [4]:

AE 6 J ,r(x, y) JE (y) dy ,AýH f fOH (xy) 3?H(y)dy,

Q Q (3)
E=ijwiLOXE - 72- grdd -A rot 2H

ft = iwEoAH - i1- grad div 1H + rot E-.

Here 3 E =3E+ Y', 3H =?- + J•r, (7E, JP are polarization currents). 6E, 6H are Green functions for
Helmholtz equation, conforming to the arbitrary currents P, Zo.

GE, GH are known [3] to have the form of diagonal tensors (the components of 6GE are written out
below):

G c co .sh'X3 shn-(c - Y), X3 < Y3

=n=o m =-abhbsh-c a b a by shy 3 sh'y(c - x 3 ), x3 > Y3

-200 00 1. hl~ 3, 3<Y

GE =z z ab=ysh sink -xi) COS( X2) sin(s Yi)C°S( Y) sh-y(c-X3), X3 > Y3 (4)

_ _ s s chyx3 eh-,(c - Y3), X 3 < Y3

n=1 m=1 ab'yshc a a - lchy3 ch7(c - x 3 ), x 3 > Y3
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Here 7 = _(i)2 + Q k2 (the proper branch for square root is chosen as in [2], §2.3), E0 1 and
en = 2 for n = 1,2,3,.

We can obtain the following integro-differential equations (under the condition/2 =.10I in P):

9(x) •=O(x) + Jf O [ )- i] (y)dy + grad div f E [6(y) -i] fy)dy0
Q Q

and we have (5)

fl(x) ii0 (X) - iW6"rot fJ6. [ý-)~ - ] P(y)dy, x E Q.
Q

We can extract singularity of Green function 6. Using Fourier transformation and interpolation poly-
nomials we can obtain:

OE(XY) 1 eX- . 1+ diag{gi(x,y),g 2 (X,y),g 3(x,y)},

where gk are smooth functions.

3 Galerkin method

Let us introduce the following auxilary function

G(X,y) = -I abysh-c sin(.'-xl)sin(_x2)sin(_ayl)sin(.Y2)xn=1 m---1a b(6

X shyx3 sh-y(c -Y3), X3 < Y3 (6shyy3 shX(c - X3), X3 > Y3

The derivatives of G are connected to the derivatives of Gi through the equalities:

.a•_Gb i = 1, 2,3. (7)
,5xi 

,y, '

Before describing the method itself we should make some transformations of equation (5). Denoting

(X) -i) as and a'- ) P as f we obtain the following equation

AJ := ýf(x) - ko f Ef(y)dy - grad div J 6E j(y) dy = go(x) (8)

Q Q

We can write vector equation (8) as a system of three scalar equations:

3

Z j J'x ofG x )J(~y dv x )j()d '() 11, 2, 3. (9)
Q Q

We will determine the components of approximate solution J in the following way:

N N NE aA: f s (x), E = k fb, 2(x), P• E Ck fsg(X), (10)
k=l k=1 k=1

where fA are basis "hat"-functions dependent essentially on x'. The explicit form of f1l is given below.
Let Q be a parallelepiped: Q = {x : ai < x 1 < a2 ,b, < x2 < b2,c1 < x 3 < c2}, Q C P. We will cover

Q with smaller parallelepipeds

______c 2 -c~(11)

1 +a2 - al 2 b2 - bi 3 C2 - C1
Xk= a,+ - k, xi= b,+2 n 1, Xm ci+ 2 n

Kv n n
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where k=l1,.. .,n-I;l- m ,1 ,2'•1

Denoting (xk - xk1) as h' we get the formulas for fktm :

x- if x1 E [x ,; x] and x E [Im

fitm n if X- E and x EIm (12)

0, if VIJHklm

or

= { 0 IX1 - 4k, if x E "kim (1E)

Functions fk and flt,, should be determined by similar formulas. Since

fk,,n1x'Gx_,,x'+,j = 0, fm2C~z2,,z ',7_ 0, f:ilrlE{, _ l ,_+,1+, -1 , (14)

every component of approximate vector solution vanishes at some side of Q. However the constructed set
of basis functions does satisfy the necessary approximation condition.

Introducing total enumeration for basis functions we get
Sk',Sfk,Sfk; k N,,U

where N = ¼(n3 - n2).

It is convenient to represent the augmented matrix for determining unknown coefficients ak, bk, ck in
block form: (All A12  A 1' B1

A 2 1 A 22 A 23  B1  (15)
A31 A32 A33  B1 )

where columns Bk and matrices AkM are determined by formulas:

B' = (EOk, fSk); (16)

A =(•ktf•,S)- klk2 ( Gk XY)f I(Y)dy fi(X))-

'.7 (6iffý k o(
Q 17

k = 1, 2,3; i = 1,...,N. (f,g) determines the scalar product in L2 , (f, g) = f f(x)g(x)dx.
Q

Applying the formulas of integration by parts to both internal and external integrals and taking into
account (7) and (14) we obtain:

k1 J 6klfj(X)fi'(x)dx - 6klko fJGE(x~y)fj(y)fi'(x)dydx-
f'nfn" niV ný

- 0 (18)fJ fG(x, y)-'f.l()'fk(~yx
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